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1. Introduction
We exhibit restrictions on the structure of the lattice OG(H) of subgroups of G containing H  G
when G is a ﬁnite alternating or symmetric group. This is part of a program in which we aim to
exhibit such restrictions on OG(H) for an arbitrary ﬁnite group G .
For a ﬁnite lattice L, let L′ be the poset obtained by removing the minimum and maximum ele-
ments of L. For a positive integer n, let Δ(n) be the lattice of all subsets of [n] := {1, . . . ,n}, ordered
by inclusion. For positive integers m1, . . . ,mt , let DΔ(m1, . . . ,mt) be the lattice such that
• DΔ(m1, . . . ,mt)′ is the disjoint union of posets C1, . . . ,Ct ,
• Ci ∼= Δ(mi)′ for all i, and
• if i = j then no element of Ci is comparable to any element of C j .
The lattice Δ(3,3) is pictured below.
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such that OG(H) ∼= DΔ(m1, . . . ,mt). Indeed, DΔ(m1, . . . ,mt) is a CD-lattice, as deﬁned in [As3]. Also,
this conjecture is a special case of [Sh1, Conjecture A]. The problem of determining whether every
ﬁnite lattice is isomorphic with some OG(H) with G ﬁnite arose originally in universal algebra (see
for example [PáPu]). Signiﬁcant, but not dispositive, progress on another approach to settling this
problem appears in [BaLu].
Fix integers t > 1 and m1 m2  · · ·mt  3. Set
L(m1, . . . ,mt) :=
{
(H,G): H  G, G ﬁnite,OG(H) ∼= DΔ(m1, . . . ,mt)
}
.
In [As3], the ﬁrst author of this paper shows that if L(m1, . . . ,mt) = ∅ then one of the following cases
must hold.
(Simp) There is some (H,G) ∈ L(m1, . . . ,mt) with G almost simple.
(Sig) There is some τ = (G, H, I) such that G is an almost simple group, IH  G with H/I almost
simple, G is generated by H and the signalizers of H , and L(m1, . . . ,mt) is isomorphic to the
lower signalizer lattice Ξ(τ), as deﬁned in [As4].
As mentioned above, we have the following result.
Theorem 1.1. There is no (H,G) ∈ L(m1, . . . ,mt) such that G is an alternating or symmetric group.
Here is an outline of the proof of Theorem 1.1. We consider separately the cases where H is
intransitive, imprimitive or primitive on the natural G-set Ω . The case where H is primitive and |Ω|
is not prime is eliminated in [As2,As1]. All primitive groups of prime degree are known, and this
allows us to handle quickly the remaining cases where H is primitive, see Proposition 6.3. Eliminating
the case where H is intransitive is relatively straightforward, see Proposition 6.4. The most challenging
case is that where H is imprimitive. A key point here is that if H < K < G then OG(K ) ∼= Δ(n) for
some n. In particular, there is some K ∈ OG(H) such that OG(K ) = {K ,M1,M2,G} where M1 is an
imprimitive maximal subgroup of G and M2 is an imprimitive or primitive maximal subgroup of G .
All possibilities for K are described in Theorem 5.2, which depends on several preparatory results in
Sections 3 and 4, and the elimination of the case where H is imprimitive follows fairly directly. Some
of the preparatory results just mentioned are also of use in examining the signalizer lattice problem.
2. Notation and basic deﬁnitions
In this section, we introduce notation and terminology (other than that given in the introduction)
that will be used in the following sections.
Throughout this paper, Ω is a ﬁnite set of size n, and S and A are, respectively, the symmetric and
alternating groups on Ω . For Γ ⊆ Ω and H  S , HΓ is the pointwise stabilizer of Γ in H . We often
write Hω for H{ω} . The setwise stabilizer of Γ in H will be denoted by NH (Γ ). The complement of Γ
in Ω will sometimes be denoted by Γ . If a group G acts on a set X and Y ⊆ X then Y G will denote
the orbit of Y under the induced action of G on the power set of X . Also, if U ⊆ X is G-invariant
then GU will denote the image of G in the symmetric group on U determined by the action of G
on U . For g ∈ S , we deﬁne M(g) := {ω ∈ Ω: ωg = ω}.
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by H . We use the following standard notation from group theory. For a group G and a prime p, mp(G)
is the largest rank of an elementary abelian p-subgroup of G , O p(G) is the largest normal p-subgroup
of G and O p(G) is the smallest normal subgroup of G having index a power of p.
Let L be a ﬁnite lattice. As mentioned above, L′ will denote the poset obtained from L by removing
its unique minimum element and its unique maximum element. The set of coatoms of L (that is,
maximal elements of L′) will be denoted by L∗ . For groups H  G , we will write M(H) for OG(H)∗ ,
so M(H) is the set of maximal subgroups of G that contain H . Given a group Y acting on a poset P ,
P (Y ) will denote the poset of Y -invariant elements of P . We sometimes write P∗(Y ) for P (Y )∗ . For
any elements x, y of any poset P , we write [x, y] and (x, y), respectively, for {z ∈ P : x z  y} and
{z ∈ P : x< z < y}.
The set P of all partitions of Ω is a lattice, with the reverse reﬁnement order. That is, say π =
{P1, . . . , Pk} ∈ P , so Ω is the disjoint union of the nonempty subsets Pi . If ρ = {R1, . . . , Rl} ∈ P then
π  ρ if each Pi is contained in some R j . For H  S , Hπ consists of those h ∈ H that ﬁx each Pi
setwise. The stabilizer of π in H , that is, the set of all h ∈ H that map each Pi to some P j , will be
denoted by NH (π). The partition π is an equipartition or regular partition if |Pi | = |P j | for all i, j ∈ [k].
If π consists of l sets, each of size m, we will sometimes call π a regular (m, l)-partition. Note that
if Y  S is transitive then every element of P(Y ) is an equipartition. The minimum and maximum
elements of P will be denoted by 0 and ∞, respectively.
If a group H is the direct product of pairwise isomorphic subgroups L1, . . . , Lk , a full diagonal
subgroup of H is a subgroup D such that the restriction of the standard projection πi : H → Li to D
is an isomorphism for all i.
Let H be a subgroup of S that acts primitively on Ω , let ω ∈ Ω and let D be the generalized
Fitting subgroup of H . We call H
• aﬃne if H has a normal elementary abelian subgroup that acts regularly on Ω;
• doubled if H has two distinct minimal normal subgroups;
• complemented if D is unique minimal normal subgroup of H , is nonabelian, and acts regularly
on Ω;
• diagonal if D = L1 × · · · × Lk , where
– k > 1,
– the Li are pairwise isomorphic nonabelian simple groups permuted transitively by H , and
– there is some maximal (with respect to the order on partitions described above) H-invariant
partition Σ = {σ1, . . . , σt} of {L1, . . . , Lk} such that Dω is the direct product of subgroups
E1, . . . , Et , with each Ei a full diagonal subgroup of
∏
j∈σi L j .
An aﬃne primitive subgroup of G ∈ {A, S} that is maximal in G is called the stabilizer of an aﬃne
structure. If |Ω| =mk , the stabilizer of a regular (m,k)-product structure in S is a wreath product of Sm
by Sk embedded in S through a bijection from [m]k to Ω . An element of this wreath product is of
the form (σ , t), with σ ∈ Sk and t = (τ1, . . . , τk) ∈ Skm . For v = (v1, . . . , vk) ∈ [m]k , we have v(σ , t) =
(v1σ−1τ1, . . . , vkσ−1τk). The stabilizer of a regular (m,k)-product structure in A is the intersection of
such a wreath product with A. A primitive group H  S stabilizes a product structure if H is contained
in the stabilizer of a regular product structure.
3. Lemmas on permutation groups
Given a partition Γ of Ω , set K+(Γ ) = 〈AΩ−γ : γ ∈ Γ 〉.
3.1. Suppose G is a primitive subgroup of S.
(1) If G contains a transposition or a 3-cycle, then A  G.
(2) If G contains an involution t such that |M(t)| = 4 then one of the following conditions holds.
(a) A  G.
(b) We have n = 5 and O 5(G) = 1.
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(d) We have n = 7 and G ∼= L3(2).
(e) We have n = 8 and G ∼= AGL3(2) is the stabilizer of an aﬃne structure.
Proof. Claim (1) is a result of C. Jordan (see for example [As6, Exercise 5.6.2] or [DiMo, Theo-
rem 3.3A]), as is the fact that if primitive G contains an involution t with |M(t)| = 4 then either
n  8 or A  G (see for example [DiMo, Example 3.3.1]). All primitive permutation groups of degree
at most eight are known, and (2) follows quickly after examining these groups. (Note that if n = 8
and G is aﬃne, we have G = HV , where V ∼= E23 acts regularly and H acts irreducibly on V . It
follows from t ∈ G that |H| is even, and from this and the irreducibility of H we get H = GL(V ).) 
3.2. Assume Y is a transitive subgroup of S, α ⊆ Ω , and AΩ−α  X  SΩ−α with 1 = X W  Y . Then
(1) If Y is primitive on Ω then A W .
(2) If Y is imprimitive on Ω , then P ′(Y ) has a greatest member Γ = ΓY . Further α ⊆ γ ∈ Γ , X  SΓ , and
K+(Γ )W .
Proof. As 1 = X and AΩ−α  X  SΩ−α , X = 〈X 〉, where X is the set of transpositions or 3-cycles
in X . Thus (1) holds if Y is primitive on Ω by 3.1, so we may assume Y is imprimitive on Ω .
Let Γ = γ Y ∈ P∗(Y ) with α ∩ γ = ∅. Let x ∈ X , set m = |x|, and suppose βx = β ∈ Γ . Then m = 2
or 3 and {βxi : 1 i m} is an orbit of 〈x〉 on Γ of length m. Thus as |M(x)| =m and |β| > 1, there
is a ﬁxed point for x in β , contradicting β = βx .
We have shown x ∈ SΓ . Therefore X = 〈X 〉  SΓ . Then as X is transitive on α, α ⊆ γ . By maxi-
mality of Γ , NY (γ ) is primitive on γ , so by 3.1, NW (γ )γ contains the alternating group on γ . Thus
AΩ−γ  〈XNW (γ )〉 NW (γ ), so as Y is transitive on Γ , K+(Γ )W .
Set X ′ = AΩ−γ and let γ ′ ∈ Γ ′ ∈ P∗(Y ) with γ ∩ γ ′ = ∅. The tuple (γ , X ′,Γ ′) satisﬁes the hy-
potheses of (α, X,Γ ), so by the previous paragraph, γ ⊆ γ ′ . By symmetry, γ ′ ⊆ γ , so Γ ′ = (γ ′)Y =
γ Y = Γ , completing the proof of (2). 
3.3. Suppose H  S and let α be an orbit of H on Ω . Assume W ∈ IS (H) and AΩ−α  X  SΩ−α with
1 = X W . Let Σ be the orbit of W on Ω containing α. Then H acts on Σ and either:
(1) AΩ−Σ W , or
(2) Y = WH is imprimitive on Σ and P ′(YΣ) has a greatest member Γ = ΓY . Further α ⊆ γ ∈ Γ and
AΩ−γ W .
Proof. As H acts on W and α, H acts on Σ . We apply 3.2 with α, WΣ , YΣ , XΣ , Σ in the respective
roles of α, W , Y , X , Ω , and conclude that either AΣ WΣ , or P∗(YΣ) = {Γ } with α ⊆ γ ∈ Γ and
AΣΣ−γ WΣ . In the former case AΩ−Σ = 〈XW 〉W , while in the latter case, AΩ−γ = 〈XNY (γ )〉W ,
completing the proof. 
3.4. Let Γ , Σ ∈ P(Ω). Then
(1) SΓ ∩ SΣ  SΓ ∨Σ .
(2) 〈SΓ , SΣ 〉 SΓ ∧Σ .
Proof. Let K = SΓ and J = SΣ . For α ∈ Γ and β ∈ Σ with γ = α ∩ β = ∅, K ∩ J acts on α and β ,
and hence on γ . Thus (1) holds.
Similarly δ ∈ Δ = Γ ∧ Σ is the union of blocks of Γ , each of which is ﬁxed by K , so K acts on δ.
Thus K  SΔ , so (2) holds. 
3.5. Assume H is a transitive subgroup of S, Γ ∈ P ′(H), γ ∈ Γ , and Q = HΩ−γ is transitive on γ . Assume
G ∈ OS(H) is primitive on Ω . Then G is 2-transitive on Ω and either G is almost simple or the following hold:
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and let ω ∈ Ω − γ .
(2) |Γ | = 2.
(3) Q ∼= E2a is the full group of transvections in Gω ∼= GL(D) with axis B = CD(Q ).
(4) NG(Γ ) = NG(B) = NG({Q , Q d}) for d ∈ D − B, {Q , Q d} = Q H , and B is a full diagonal subgroup of
Q × Q d.
Proof. By Jordan’s Theorem (cf. 15.17.1 in [As6]), G is 2-transitive on Ω . Thus G is almost simple or
aﬃne, and we may assume the latter. Then n = |D| = pe for some prime p and positive integer e.
Let X = NS (D). Then X = DXω , with Xω acting faithfully as GL(D) on D (see for example [DiMo,
pp. 54–55]). Further G = DGω with Q  Gω  Xω . Next |γ | divides n = pe , so |γ | = pa for some
0 < a < e. Now
pa
(
pe−a − 1)= pe − pa = n− |γ | = ∣∣Fix(Q )∣∣= |B| = pb
for some nonnegative integer b. Thus as a < e, we conclude that p = 2 and e = a + 1. Thus
|Γ | = n/|γ | = 2a+1/2a = 2,
establishing (2), and |B| = 2a so that B is a hyperplane of D . Then as Q is transitive on γ , Q is the
full group of transvections in GL(D) with axis B . As G is primitive on Ω , Gω is irreducible on D , so as
Gω contains the full group Q of transvections with axis B , Gω = GL(D). Therefore G = X , completing
the proof of (1) and (3).
Next Γ = {γ ,α}, where α = Ω − γ = Fix(Q ) = ωB . Thus NG(Q )  NG(Γ ). Now the set O of
orbits of B on Ω is of order 2, so O = Γ . Of course NG(B) acts on O, so NG(B)  NG(Γ ), and in
particular D  NG(Γ ). Thus NG(Γ ) = DNGω (Γ ) and NGω (Γ ) acts on α = ωB , and hence on B . Thus
NG(B) = NG(Γ ). Further NGω (B) = NGω (Q ), so |NG(B) : NG(Q )| = 2, so Q NG (B) = Q H , as |Q H | = 2
by transitivity of H on Γ . Thus NG(B) = NG({Q , Q d}) for d ∈ D − B .
Finally Q d  CQ D(Q ) = Q B and Q d ∩ D = Q ∩ D = 1, so B is a full diagonal subgroup of Q × Q d ,
completing the proof. 
3.6. Say Ω is the disjoint union of B and C with |B| > |C | > 1. Let Y be the setwise stabilizer of B (and C )
in G. Let L be a maximal subgroup of Y with [Y : L] = 2.
(1) If G = S then there exist E ∈ {B,C} and a maximal subgroup T of SE such that L = SE × T .
(2) If G = A then one of the following conditions holds.
(a) We have |B| = 4, |C | = 3, and there is a surjective homomorphism φ : SC → SB with L =
{(x, φ(x)): x ∈ SC }.
(b) There exist E ∈ {B,C}, T  AE and y ∈ L \ (AB × AC ) such that
• T 〈y〉 is a maximal subgroup of AE 〈y〉, and
• L = (AE × T )〈y〉.
Proof. Let M = SB × SC , so Y = G ∩ M . For E ∈ {B,C} let πE : M → SE be the natural projection, so
kernel(πE ) = SE .
Fix E ∈ {B,C}. Since L is maximal in Y , either AE  L or Y = AE L. If Y = AE L then πE (L) =
πE (Y ) = SE , and every subgroup of SE normalized by L is normal in SE . Therefore, if L contains
neither AB nor AC then either SB ∩ L = SC ∩ L = 1 or there is some E ∈ {B,C} with |E| = 4 and
|L ∩ SE | = 4. In the ﬁrst case, we get
SC = πC (L) ∼= L ∼= πB(L) = SB ,
contradicting the fact that |B| > |C |. In the second case, we have |E| = 4, so L ∩ SE = 1 and L ∼=
πE (L)
∼= S4. Moreover, by a well known result about subgroups of direct products, there is a surjection
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with kernel SE ∩L. It follows that B = E and |C | = 3. Moreover, L  A7 and |L| = 24. Thus condition (a)
of (2) holds.
We may now assume that AE  L for some E ∈ {B,C}. Say G = S , so Y = M . If SE  L then,
by the maximality of L in M , we have LSE = M and πE (L) = πE (M) = SE . This gives [M : L] = 2, a
contradiction. Therefore SE  L and (1) follows.
Say G = A. Since AE  L, we have L ∩ (AB × AC ) = AE (L ∩ AE). Since [Y : L] = 2, we cannot have
AE  L. Since L is maximal in Y , there is some y ∈ L \ (AB × AC ). Let T = L ∩ AE . Then L = AE T 〈y〉,
and if T 〈y〉 X  AE 〈y〉 then L  AE X  Y . Therefore, condition (b) of (2) holds. 
The next result appears in [LPS].
3.7. Let G = A or S, let ∅ = B ⊂ Ω and let π be a (k, l)-regular partition of Ω with 1 < k < n.
(1) NG(B) is maximal in G if and only if |B| = |Ω|/2.
(2) NG(π) is maximal in G unless G = A, k = 2 and l = 4, in which case NG(π) is contained in the stabilizer
of an aﬃne structure.
4. Permutations with many ﬁxed points
Let S be the set of permutations of cycle type 22 on Ω . Let R be the set of permutations r ∈ S of
prime order such that |Fix(r)| n/2.
4.1. Suppose s = (a,b)(c,d) ∈ S , and Γ ∈ P ′(s) is regular. Then either:
(1) s ∈ SΓ , or
(2) The blocks of Γ are of size 2 and {a, c} or {a,d} ∈ Γ .
Proof. Straightforward. 
The next result is essentially due to Guralnick and Magaard.
4.2. Say s ∈ R and H is a primitive overgroup of s in S.
(1) One of the following conditions holds.
(a) H is almost simple, and one of the following conditions holds.
(i) We have n = (mk
)
with 1  k  m4 and F ∗(H) acts as the alternating group on m points does on
k-sets.
(ii) F ∗(H) is an orthogonal group over F2 .
(b) We have n = 2a, s is an involution with |Fix(s)| = n/2, H is aﬃne, and s centralizes a hyperplane of
F ∗(H).
(c) H stabilizes a regular (m, r)-product structure F on Ω = Γ1 × · · · × Γr , and s = s1 · · · sr is in the
kernel K1 × · · · × Kr of NS (F) on {Γ1, . . . , Γr}, with si ∈ Ki , where Ki acts faithfully as Sym(Γi) on
the ith factor Γi and trivially on Γ j for j = i. Further
|Fix(s)|
n
=
r∏
i=1
f (si),
where f (si) = |FixΓi (si)|/m. Thus 1 = f (si) 1/2 for some 1 i  k.
(2) If H is a doubly transitive maximal subgroup of G ∈ {A, S} then one of the following conditions holds.
(a) H = A and G = S.
(b) We have n = 2a, a 3, H is the stabilizer of an aﬃne structure, and G = A.
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doubly transitive permutation groups (found for example in [DiMo, Section 7.7]). Now we prove (1).
It follows from [GuMa, Theorem 1] that either one of (a) or (b) holds or G stabilizes some regular
(m, r)-product structure on Ω . Assume the last case holds. We have m > 2, since if Γ is a (2, r)-
product structure then the stabilizer of a point in the action of N = NS(Γ ) on Ω is isomorphic to Sr
and not maximal in N . Let σ be the permutation of {Γ1, . . . ,Γr} induced by s and let c be the number
of orbits of σ . Then |Fix(s)| mc . Since m > 2, we see that σ is the identity permutation. If s acts
as si on Γi for each i ∈ [r] then
∣∣FixΩ(s)
∣∣=
r∏
i=1
∣∣FixΓi (si)
∣∣. 
Hypothesis 4.3. n = 2m > 4, Γ is a regular (2,m)-partition of Ω , M = NS (Γ ), and T = AΓ . Let H(T )
be the set of primitive overgroups G of T in S that do not contain A.
4.4. Assume Hypothesis 4.3. Then
(1) T ∼= E2m−1 , Γ is the set of orbits of T on Ω , and NS(T ) = M.
(2) T = 〈T ∩ S〉.
(3) If Σ ∈ P ′(T ) then Σ  Γ .
(4) T is weakly closed in M with respect to S.
Proof. Parts (1) and (2) are straightforward. Assume the hypothesis of (3). If T ∩S ⊆ SΣ then T  SΣ
by (2). Then by (1), Σ  Γ , so that (3) holds. Thus we may assume s = (a,b)(c,d) ∈ T − SΣ . Therefore
by 4.1, we may assume σ = {a, c} ∈ Σ . However as n 6 there is t = (a,b)(e, f ) ∈ T with e, f /∈ {c,d}.
Then t ﬁxes c so t acts on σ , contradicting b = at /∈ σ . This completes the proof of (3).
Suppose g ∈ S with T g  M . By (3), Γ  Γ g , so Γ = Γ g and hence T = T g , so (4) holds. 
Theorem 4.5. Assume Hypothesis 4.3. Then one of the following holds:
(1) H(T ) = ∅.
(2) n = 8, |H(T )| = 2, M is transitive on H(T ), and each member of H(T ) is the stabilizer of an aﬃne
structure on Ω .
(3) n = 6 and H(T ) = {X,NS(X), Xa,NS(Xa)} for a ∈ M − NS (X), with X = NA(X) ∼= L2(5) and NS(X) ∼=
PGL2(5).
Proof. Note that T contains an involution t such that |M(t)| = 4. By 3.1(2), it remains to show that (2)
holds when n = 8 and (3) holds when n = 6.
Assume ﬁrst that n = 8. Let us show ﬁrst that H(T ) = ∅. Let G be the stabilizer in S of any aﬃne
structure on Ω , let V = F (G), let 0 = v ∈ V and let H be a complement to V in G . Then CH (v) ∼= S4
stabilizes the partition Σ(v) determined by the orbits of v , and acts as S3 on Σ(v). Let K be the
kernel of this action. Then 〈K , v〉 is conjugate to T .
Now assume G ∈ H(T ), so G is the stabilizer of an aﬃne structure by 3.1(2). There are [S : M] =
105 conjugates of T and [S : G] = 30 conjugates of G in S . Let V = F (G). The image T of T in
G/V ∼= L3(2) is elementary abelian, so |T | 4 and T ∩ V = 1. On the other hand, for each nonidentity
v ∈ V , there is exactly one (2,4)-regular Σ ∈ P such that v ∈ AΣ , namely Σ(v). Thus G contains
exactly seven S-conjugates of T , so T is contained in exactly two S-conjugates of G . Since M does
not normalize G , we see that M acts transitively on H(T ).
Now assume n = 6. Again, we have H(T ) = ∅. Indeed, since L2(5) ∼= A5 acts 2-transitively on the
set of six 1-spaces from its natural 2-space, we have that the stabilizer of two points in this action
has order two. It follows that the image of any Klein 4-group from L2(5) in this action is conjugate
to T in S . Now let L2(5) ∼= G ∈ H(T ) and let N = NS (G) ∼= PGL2(5), so every primitive member of
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N in S . Now T ∈ Syl2(G) and G = N ∩ A. It follows that N contains exactly ﬁve S-conjugates of T .
Therefore T is contained in exactly two S-conjugates of N . Since M does not normalize N , M acts
transitively on the set of these two conjugates, and it follows that (3) holds. 
Corollary 4.6. Assume Hypothesis 4.3 and G is a transitive overgroup of T in S. Then one of the following
holds:
(1) A  G.
(2) G is imprimitive on Ω and for each Σ ∈ P ′(G), Σ  Γ .
(3) n = 8 and G is the stabilizer of an aﬃne structure on Ω .
(4) n = 6 and G ∼= L2(5) or PGL2(5).
Proof. If G is imprimitive on Ω then (2) holds by 4.4.3, so we may assume G is primitive. Then the
corollary follows from Theorem 4.5. 
5. A lemma on diamonds
Throughout this section we assume the following hypothesis:
Hypothesis 5.1. G = S or A, Σ ∈ P ′ is regular, G1 = NG(Σ), G2 is a maximal subgroup of G distinct
from A, and H = G1 ∩ G2. Assume M(H) = {G1,G2}, H is maximal in G1 and G2, and H is transitive
on Ω .
In this section we prove:
Theorem 5.2. Assume Hypothesis 5.1. Then one of the following holds:
(1) For i = 1,2 there exist Σi ∈ P ′ such that Gi = NG(Σi), and Σi Σ3−i for some i ∈ {1,2}. Further n 8
and if n = 8 then G = S.
(2) G = A, n = 2a+1 for some integer a > 1, G2 is aﬃne, V = F ∗(G2)  H, VΣ is a hyperplane of V , the
elements of Σ are the two orbits of VΣ on Ω , and H = NG2 (VΣ).
(3) G = A, n ≡ 0mod4, n > 8, and for i = 1,2 there exists Σi ∈ P ′ such that
(a) Gi = NG(Σi),
(b) Σ1 and Σ2 are lattice complements in P , and
(c) one of Σ1,Σ2 is (2,n/2)-regular and the other is (n/2,2)-regular.
We prove Theorem 5.2 in a series of reductions.
5.3.
(1) n 6.
(2) If n = 8 and |Σ | = 4, then NA(Σ) is not maximal in A, so G = A.
Proof. Suppose (1) fails. As P ′ = ∅, n is not prime, so n = 4. If G = A then G1 = O 2(G), so |H| = 2
as H is maximal in G1. But now H is not transitive on Ω , contrary to Hypothesis 5.1. Therefore G = S
and G1 ∈ Syl2(G), so |H| = 4 by maximality of H in G1. If H = O 2(G1) then |M(H)| = 4, while if
H = O 2(G1) then M(H) = {G1}. In either case Hypothesis 5.1 is not satisﬁed, so (1) is established.
Claim (2) is part of 3.7(2). 
5.4. If G2 is imprimitive then Theorem 5.2 holds.
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Set Σ1 = Σ , ni = |Σi |, li = n/ni , Σ0 = Σ1 ∧Σ2, and Σ3 = Σ1 ∨Σ2. Then Σi ∈ P(H) for i = 0,3, so as
M(H) = {G1,G2}, either
(i) Σ0 = 0 and Σ3 = ∞, or
(ii) Σi < Σ3−i for some i ∈ {1,2}.
Suppose (ii) holds. Then n is not a prime, or of the form pq with p,q prime. Thus n  8, and if
n = 8 then G = S by 5.3(2). Therefore conclusion (1) of Theorem 5.2 holds in this case, so we may
assume (i) holds.
Let Vi = GΣi and Di = F ∗(Gi). Then V0 = V1 ∩ V2 = 1 by 3.4.1 and the assumption that Σ3 = ∞.
By 5.3(1), n > 5. Suppose D1  G2. Let α ∈ Σ . If l1 /∈ {2,4} or if l1 = 2 and G = S then we have
• F ∗(GΩ−α) D1  H and
• 1 = AΩ\α  F ∗(GΩ\α) SΩ\α .
Thus by 3.2(2), P ′(H) has a maximum element, contradicting our assumption that (i) holds. If l1 = 2
and G = A then D1 = GΣ and it follows from 4.4(3) that Σ2 Σ1, again contradicting (i).
Finally if l1 = 4, consider any block {a,b, c,d} ∈ Σ . We have (ab)(cd) ∈ D1  G2, so by 4.1, one
of {a,b, c,d}, {a, c} or {a,d} is a block of Σ2. It follows that either Σ1 Σ2 or Σ2 Σ1. Again, this
contradicts (i).
Thus, for i ∈ {1,2}, Di  G3−i , so Di  H . Therefore as H is maximal in Gi , Gi = DiH . Thus Vi =
DiUi , where Ui = Vi ∩ H . Let j = 3− i. Now U j ∩ Vi  V j ∩ Vi = 1, so
U j ∼= UΣij  HΣi = GΣii .
However GΣii
∼= Sni , whereas V j = D jU j , so
U j/(U j ∩ D j) ∼= U jD j/D j = V j/D j ∼=
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
Z
n j
2 l j /∈ {2,4} and G = S,
Z
n j−1
2 l j /∈ {2,4} and G = A,
S
n j
3 l j = 4 and G = S,
Z
n j
3 Z
n j−1
2 l j = 4 and G = A,
1 l j = 2.
We conclude that either:
(a) G = A, n j = 2, and UΣij ∼= Sni , or
(b) l j = 2.
Since Σ1 ∨ Σ2 = ∞, each block of Σi intersects each block of Σ j in at most one element. Thus
if some n j = 2 then li = 2 and each block of Σi intersects each block of Σ j in exactly one element.
If neither n j = 2 then each l j = 2. In any case, consider the bipartite graph C with one “red” vertex
for each block of Σ1 and one “blue” vertex for each block of Σ2, and with an edge connecting a red
vertex to a blue vertex if the corresponding blocks have nonempty intersection. The edges of C are
in bijection with Ω , and H is contained in the subgroup of Aut(C) that preserves the given vertex
coloring.
If some n j = 2 then C is the complete bipartite graph K2,n/2. We have shown that in this case we
must have G = A, and it follows that if n/2 is odd then H is not transitive. Indeed, if n1 = 2 then
any element of Aut(C) that exchanges the two “red” vertices determines an odd permutation of the
edges of C . If n ≡ 0mod4 then every element of Aut(C) ∼= S2 × Sn/2 induces an even permutation
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Theorem 5.2 holds. If each l j = 2 then every vertex of C has degree two. Now C is connected, since
Σ1 ∧ Σ2 = 0. Thus C is an n-cycle and H  D2n . Since H preserves color classes and is transitive on
Ω , H must act regularly on the edges of C , and this contradicts the fact that |P ′(H)| = 2. 
By 5.4, we may assume that G2 is primitive on Ω . Set D = F ∗(G1), m = |Σ |, pick σ ∈ Σ , and set
k = |σ |. Thus n =mk.
5.5.
(1) If D  H then conclusion (2) of Theorem 5.2 holds. Moreover, if k = 2 then AΣ  H.
(2) If conclusion (2) of Theorem 5.2 does not hold, then G1 = HD.
(3) If n = 6 then k = 2.
Proof. Let X = X(σ ) = DΩ−σ . If k = 2 or 4 then by 3.2.1, X  G2, so (1) holds.
Say k = 4 and D  H . Since D contains an involution t with |M(t)| = 4, so does G2. By Theo-
rem 3.1(2), we have n = 8 and G2 is the stabilizer of an aﬃne structure on Ω . Thus G2 = LV , where
L ∼= L3(2) is a point stabilizer and V ∼= E23 acts regularly on Ω . We identify Ω with V . Since L is sim-
ple and the nonidentity elements of V have cycle type 24, we have G2  A, so G = A. Since H  G1,
we see that H contains no element of order seven, so HV /V = G2/V . Since H is maximal in G2,
we must have V  H . We have Σ = {σ1, σ2}, and since V  NG(Σ) is regular on Ω , U = VΣ is a
hyperplane in V , and Σ is the set of orbits of U on Ω . Since V  H  NG(Σ), we have U  H , so as
H is maximal in G2, we have H = NG2(U ) and conclusion (2) of Theorem 5.2 holds.
Finally suppose k = 2 and AΣ  H . By 5.3.1, n > 4 so by Theorem 4.5, either n = 8 and G2 is the
stabilizer of an aﬃne structure on Ω , or n = 6 and G2 is L2(5) or PGL2(5). The ﬁrst case does not
hold by 5.3.2. In the second, H ∼= A4 or S4 is of index 2 in G1, so GG12 is a subset of M(H) of order 2,
contradicting M(H) = {G1,G2}. Thus the proof of (1) is complete.
Observe that (1) and maximality of H in G1 implies (2). Suppose n = 6 and k = 2. By (1) and (2),
O 3(H) = 1. Now O 3(H) stabilizes a unique regular (3,2)-partition Γ , and NG(Γ ) ∈ M(H), contra-
dicting M(H) = {G1,G2}. Thus (3) holds. 
5.6.
(1) HΣ and Hσ are primitive.
(2) We may assume that k 3.
Proof. As M(H) = {G1,G2} and G2 is primitive on Ω , P ′(H) = {Σ}. This implies (1).
Suppose k > 4. Then Σ = {σi: 1  i m} and D = D1 × · · · × Dm , where Di = AΩ−σi ∼= Ak . Now
Hi = H ∩ Di  NH (σi), so if Hi = 1 then Hi is transitive on σi , as Hσi is primitive by (1). Hence
G2 is doubly transitive on Ω by 3.5. Since any nontrivial element of Hi ﬁxes at least
n
2 points, it
follows from 4.2(2) that G2 is the stabilizer of an aﬃne structure and G = A. Indeed conclusion (2) of
Theorem 5.2 holds by 3.5.
Thus we may assume that Hi = 1. Recall H is maximal in G1, so G1 is primitive on G1/H . Then
as Hi = 1, G1 is complemented, doubled, or diagonal on G1/H (see [As2, 2.2]). As H is transitive
on Ω , H is transitive on {Di: 1 i m}, so G1 is not doubled. Let U = H ∩ GΣ . By 5.5.2, GΣ = DU ,
and as m > 1, U  D . If G1 is complemented, then U is a complement to D in GΣ , so U ∼= Zl2 with
l ∈ {m,m − 1}. In particular, AutU (D1) ∼= Z2 is an abelian normal subgroup of AutH (D1). Therefore,
AutH (D1) cannot contain Inn(D1). It follows that NH (D1) normalizes some nontrivial proper subgroup
Y of D1. Indeed, this is clear if AutH (D1) = AutU (D1), and otherwise NH (D1) ﬁxes the preimage
in D1 of AutH (D1) ∩ Inn(D1). Now H < 〈H, Y 〉 < G1, contradicting Hypothesis 5.1. Thus G1 is not
complemented, so G1 is diagonal. Indeed as HΣ is primitive, H ∩ D is a full diagonal subgroup of D .
Thus by [AsSc, 1.4], we have
X = NS(Σ) ∩ NS(H ∩ D) = T × XΣ
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respectively, while as U  XΣ , we have |U : H ∩ D| 2. It follows that G = A, m = 2, and a = 1. Then
as H is transitive on Ω , we have |H| = 2|U | = |T |, so H = T . This is a contradiction as |T : T ∩ A| = 2.
Therefore k 4. If k = 4 then as GΣ = UD , U  G2 contains a 3-cycle, contrary to 3.2.1. 
5.7. k = 2.
Proof. Assume otherwise. Then by 5.6.2, k = 3. Further by 5.5.2, G1 = HD , so GΣ = UD , where U =
H ∩ D , and HΣ = GΣ ∼= Sm . Now UD/D ∼= E2a , a = m or m − 1, and H is transitive on Σ , so H
is irreducible on D . Then as D  H by 5.5.1, H ∩ D = 1, so H is a complement to D in G1, with
HΣ = U ∼= E2a . In particular U  NH (σ ) and U ﬁxes a unique point of σ , whereas by 5.6.1, NH (σ ) is
transitive on σ , a contradiction. This contradiction completes the proof of the lemma. 
5.8. Let z be the involution in S such that Σ is the set of orbits of Z = 〈z〉. Then
(1) z ∈ G1 .
(2) m = n/2 and G = S if and only if m is odd.
(3) H = Z × K , where K ∼= Sm is a complement to D in G1 , which has two orbits on Ω of length m, and
contains an involution of type 22 .
(4) n > 8.
Proof. By 5.7, k = 2, so m = n/k = n/2. By 5.5.2, G1 = HD , so HΣ = GΣ1 ∼= Sm . By 5.5.1, T = AΣ  H .
Then as H is indecomposable on T and irreducible on T /(T ∩ Z), H ∩ T  Z . Further if Z  G1 but
Z  H , then G1 = H Z by maximality of H , contradicting H ∩ T  Z . Thus Z  G1 if and only if Z  H .
Let G0 = NS (Σ) and G0 = G0/Z . There is a complement K0 to D0 = SΣ in G0 such that K0 has
two orbits of length m on Ω . In particular if t0 ∈ K0 with tΣ0 a transposition then t is of type 22, so
K0  A  G . Thus G1 = G0 ∩ G = (D0 ∩ G)K0 = DK0, so K0 is a complement to D in G1.
Let L0 = O 2(K0), and suppose m > 4. Then from the 1-cohomology of Am on its natural F2-
module T (see for example [As6, Exercise 6.3]), D0 is transitive on the complements to D in L0D , and
Z K0 = NG0(L0), so O 2(H) ∈ LD0 , and hence H  (Z K0)d for some d ∈ D0. In particular if H ∩ D0 = Z
then H = Z × Kd0 .
By 5.5.3, n > 6. Suppose m is even. Then z ∈ A, so z ∈ G1 and hence Z  H by paragraph one. If
G = S then T < D , so as G1 = T H , there exists d ∈ H∩D− T . But then T = [H,d] H , a contradiction.
Therefore G = A, so (1) and (2) hold in this case. By 5.3.2, n = 8, completing the proof of (4). Then (3)
follows from paragraph three.
So assume m is odd. Then z is odd, so Z  G1 if and only if G = S , in which case (1) and (2) hold,
and (3) follows from paragraph three. Thus we may assume G = A, so D = T and H is a complement
to D in G1 by paragraph one. By paragraph three, we may take H = L0〈t〉, where t ∈ Z K0 with tΣ a
transposition. Then as t is even, t ∈ K0 is of type 22 by paragraph two, so H = K0. But then H is not
transitive on Ω , contrary to Hypothesis 5.1. 
Theorem 5.2 now follows. Indeed, by 3.1, parts (3) and (4) of 5.8 are contradictory.
6. The proof of Theorem 1.1
In this section, we present our proof of Theorem 1.1. Thus we may assume that (H,G) ∈
L(m1, . . . ,mt). We begin with a useful result that follows directly from the deﬁnitions.
6.1. Let H  K  L  G. If H = K or L = G then the interval [K , L] in OG(H) is isomorphic with Δ(m) for
some m.
The next lemma will be used at several places and might be useful in further study of our main
conjecture.
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for each K ∈ OY (X) we have NY (K ) = K .
Proof. We proceed by downward induction on OY (X), with the base case K = Y holding trivially.
Assume K < Y . If K < NY (K ), there is some L  NY (K ) such that K is maximal in L. If L = Y , so K is
maximal and normal in Y , then for every maximal subgroup M = K , we have K ∩ M maximal in M .
However, there is some such M with K ∩M = H , contradicting our assumption that each mi > 2. Now
assume L = Y . Pick T  Y such that L is a maximal subgroup of T . Note that, because each mi > 2,
if K = X then T = Y . By 6.1, there is some U such that [K , T ] = {K , L,U , T }. By inductive hypothesis,
U is not normal in T . But now, for any g ∈ L \ K , the group U g lies in [K , T ] and is distinct from L
and U . 
We are now in a position to prove Theorem 1.1 through a series of reductions.
6.3. H is not primitive.
Proof. In [As1, Theorem D], a list of all possibilities for the isomorphism type of OG(H) is given
under the assumptions that |Ω| is not prime, G = A or S , H < G is primitive on Ω and for every
maximal subgroup M of G containing H , there is some maximal L with L ∩ M = H . The lattices
DΔ(m1, . . . ,mt) satisfy the last given condition whenever t > 1 and do not appear on the given list.
It remains to examine the case where |Ω| = p is prime. In this case (see for example [Gu]), for each
primitive K  G , one of the following holds.
(a) P  K  NG(P ) for some Sylow p-subgroup P  G .
(b) F ∗(K ) ∼= Ld(q) for some prime d and some prime power q, p = qd−1q−1 and the action of K on Ω is
equivalent to its action on 1-spaces or (d − 1)-spaces from Fdq .
(c) We have p = 11 and K ∼= M11.
(d) We have p = 11, K ∼= L2(11) and the stabilizer of a point in K is isomorphic to A5.
(e) We have p = 23 and K ∼= M23.
If one of cases (b)–(e) holds then K  A (see for example [Sh2, Corollary 3.2]). Moreover, since
NG(P )/P is cyclic for each Sylow p-subgroup P of S , we see that if K ∈ OG(H) satisﬁes (a) then
by 6.2 we have K = H = NG(P ). It now follows that some K ∈ (H,G) satisﬁes one of (b)–(e) (other-
wise OG(H) = {H,G}) which forces in turn that G = A (otherwise we have A ∈ (H,G), violating 6.2).
Say K ∈ (H, A) satisﬁes one of (b)–(e). There is no L ∈ (H,G) such that F ∗(K ) < F ∗(L) (see [LPS]), so
NG(F ∗(K )) is the unique maximal subgroup of G containing K . By 6.1, K = NG(F ∗(K )). It now fol-
lows that if H = G0 < · · · < Gm = A is a chain in OG(H) with m > 2 then p = 11, m = 3, H = NG(P )
for some Sylow p-subgroup P of G , G1 ∼= L2(11) and G2 ∼= M11. Therefore, every maximal element
of (H,G) is isomorphic with M11. For ﬁxed maximal M ∈ (H,G), the number of G-conjugates of M
containing H is the number of M-conjugacy classes containing G-conjugates of H , by 6.2 (and easy
double counting). Since H = NG(P ) = NM(P ) as above, there is one such M-conjugacy class. Since M11
has a unique conjugacy class of subgroups of index 11, every subgroup of S11 isomorphic with M11
is conjugate to M in S11. The conjugacy class of M splits into two A11 classes, from which it follows
that (H,G) contains exactly two maximal elements, contradicting our assumptions on OG(H). 
6.4. H is transitive.
Proof. Assume for contradiction that H has t > 1 orbits on Ω . Say t  3. Let π = {P1, P2, P3} be
a partition of Ω such that each orbit of H is contained in some Pi . Set K = G ∩∏3i=1 SΩ\Pi , so
K ∈ OG(H). If two of the Pi have the same size then K < NG(K ) and if some |Pi| = n2 then L :=
G ∩ (S Pi × SΩ\Pi ) ∈ OG(H) with L < NG(L). By 6.2, neither of these conditions can hold. Thus we may
assume that |P1| > |P2| > |P3|. Then |P1| 3, so K contains a 3-cycle. It follows from 3.1(1) and 6.2
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regular Σ ∈ P ′(K ). Since KΩ\P1 contains the alternating group on P1, some part of Σ contains P1
by 3.2(2). Thus |Σ | = 2. Since K ﬁxes P1 setwise, we have K  GΣ , so each part of Σ is the union of
some of the Pi . This forces |P1| = n/2, giving the desired contradiction. We see now that
M(K ) = {NG(Pi): i ∈ [3]
}
.
But now K is the intersection of any pair of members of M(K ), contradicting 6.1.
Say t = 2, so H has orbits B , C . Let Y be the unique maximal intransitive subgroup of G con-
taining H . Assume ﬁrst that |C | = 1, so Y is a point stabilizer in the natural action. Note that H
stabilizes no equipartition of Ω , so any maximal subgroup in OG(H) other than Y is primitive. Let
K be such a maximal subgroup that does not lie in the same connected component of OG(H)′ as Y .
Then K ∩ Y = H is not maximal in K , contradicting the primitivity of K .
Now assume that |B|, |C | > 1. By 6.2, |B| = |C |. So, we assume that |C | < |B|. By 3.7, Y is maximal
in G . Let C by the connected component of OG(H)′ containing Y , and let M1,M2 be maximal ele-
ments of C , neither of which is Y . Set Y1 = Y ∩ M1, Y2 = Y ∩ M2, Z = M1 ∩ M2. By Lemma 6.1, Z is
not contained in Y . Therefore, Z is transitive.
Let us assume ﬁrst that G = S . By Lemmas 6.2 and 3.6, each Yi contains a transposition. By 3.1,
each Mi is imprimitive. Assume Mi preserves the equipartition πi of Ω , for i ∈ {1,2}. Since |B| > n2 ,
neither Mi can contain AC . Thus by 3.6 each Yi = SB × Ti with Ti transitive on B . It follows that
C ∈ πi for each i. However, two distinct equipartitions with a common part cannot be simultaneously
preserved by the transitive group Z .
Now assume G = A. By 6.2 and 3.6, each Yi satisﬁes one of conditions (a), (b) from 3.6(2). In fact,
neither Yi satisﬁes (a). Indeed, if (a) is satisﬁed then H is contained in some X that is isomorphic to
a maximal subgroup of S4, and the orbits of X are B and C . Now X is isomorphic to one of A4, D8
or S3. In the ﬁrst case, we have a contradiction to Lemma 6.2, as X  Yi . In the second case, X has
no orbit of size three and in the third case X has no orbit of size four. Therefore, each Yi satisﬁes (b).
If |C | > 2 then each Yi contains a 3-cycle and therefore each Mi is not primitive by 3.1. We can now
argue as we did above – since neither Mi can contain AC , we see that each Mi stabilizes a partition
that has C as a part, contradicting the fact the Z is transitive.
Finally, assume that |C | = 2. Say some regular (k, l)-partition ρ of B is H-invariant. Let N = NY (ρ),
so H  N . We claim that N is maximal in Y . Indeed, let πB ,πC be, respectively, the natural projec-
tions of NS (B) = NS (C) onto SC and SB . Then πB(N) = NSC (ρ), which is maximal in SC by 3.7, and
πC (N) = SB . Moreover, N has index two in πB(N) × πC (N), which is not contained in A. It follows
that if N < M  Y then πB(M) = SC . Since the only nontrivial quotient of SC that is isomorphic to
a quotient of SB is Z2, we have AC × AB  M  NA(B) = Y . Since N  AC × AB , we have M = Y as
claimed.
By Lemma 6.1, we have N = K ∩ Y for some maximal K ∈ OG(H). If k > 2 then N contains a 3-
cycle and it follows from 3.1 that K is not primitive. On the other hand, if K stabilizes a partition τ
of Ω then, as N contains AΩ\T for each part T of ρ , if k > 2 then by 3.2(2) every Q ∈ ρ is contained
in some P ∈ τ and every P ∈ τ such that P ∩ C = ∅ has size a multiple of k. The remaining P ∈ τ do
not have such size, giving a contradiction. Thus k = 2 and if φ = ρ ∪ {C} then H  NG(φ). Moreover,
since Y ∩NG(φ) is maximal in Y , we see that NG(φ) lies in the same connected component of OG(H)′
as Y and that H < Y ∩ NG(φ).
Let K ∈ OG(H)′ lie in a different connected component than Y . Then NK (C) = K ∩Y = H . If we can
show that each such K is 2-homogeneous then we are done, as then each such K must be maximal
in G (if K < L then NK (C) < NL(C)), contradicting the fact that each mi > 2. Certainly each such K is
transitive, as Y is the only intransitive maximal subgroup in OG(H).
Assume for the moment that HC is transitive on B . Suppose π is a nontrivial equipartition of Ω
stabilized by K . Then C ∈ π = ρ ∪{C}, where ρ = π \{C} is an H-invariant equipartition of B . Thus by
an earlier argument, K = NG(π) is in the same connected component of OG(H)′ as Y , contrary to our
choice of K . Thus K is primitive. Now by [As6, (15.17)], the transitivity of HC on B shows that K is
2-transitive. Finally, assume that HC is intransitive on B . Since [H : HC ] = 2, we see that HC has two
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2 on B . Now H preserves the partition of B into B1∪ B2 and it follows from our
argument above that |B| = 4 and n = 6. Now HC acts on B as an intransitive subgroup of AC that has
index two in a transitive subgroup of SC that is not contained in AC . It follows that H is generated
by an element of cycle shape (4,2). However, this gives NG(H) = H , contradicting Lemma 6.2. 
We have now that H is transitive but not primitive. Thus H stabilizes at least one equipartition
π = {P1, . . . , Pm} of Ω .
Let us begin with the case G = S . By Theorem 5.2, the maximal subgroups in the connected com-
ponent of OG(H)′ containing NG(π) are M1, . . . ,Mm , where Mi = NG(πi) for an equipartition πi and
πi reﬁnes πi+1 for 1  i < m. Now H = ⋂mi=1 Mi contains the kernel of the action of M1 on the
elements of π1. From this we derive the following two facts.
(a) H contains a transposition. Therefore, no element of OG(H)′ is primitive by 3.1.
(b) Every equipartition of Ω stabilized by H is reﬁned by π1.
Now let L1, . . . , Ll the maximal subgroups in a connected component of OG(H)′ that does not contain
NG(π). Using fact (a) and Theorem 5.2, we see that we can take Li to be the stabilizer of an equipar-
tition μi , where μi reﬁnes μi+1 for 1 i < l. Reasoning with the Li as we did with the Mi , we see
that every equipartition of Ω stabilized by H is reﬁned by μ1. It follows that μ1 = π1 and L1 = M1,
giving a contradiction that completes our proof in this case.
Now assume G = A. We wish to reduce to the case in which every pair M, L of maximal subgroups
in the connected component C of OG(H)′ containing NG(π) satisﬁes conclusion (1) of Theorem 5.2.
Suppose ﬁrst that some pair M, L satisﬁes conclusion (2) of the theorem. We may assume that M is
the stabilizer of an (n/2,2)-regular partition and that L is aﬃne. Now C contains a third maximal
subgroup K . If the pair M, K satisﬁes conclusion (1), then K is the stabilizer of an (m,n/m)-regular
partition for some m < n/2, so K , L satisﬁes none of the three conclusions of the theorem, a con-
tradiction. If M, K satisﬁes conclusion (2) then K is aﬃne. If M, K satisﬁes conclusion (3) then K is
the stabilizer of a (2,n/2)-regular partition, and the pair L, K satisﬁes none of the conclusions, again
a contradiction. We see now that if M, K satisﬁes conclusion (2), then all maximal subgroups in C
other than M are aﬃne, so M = NG(π).
Suppose next that some pair M, L satisﬁes conclusion (3) of Theorem 5.2, so there exist a (2,n/2)-
regular partition πM and an (n/2,2)-regular partition πL such that M = NG(πM) and L = NG(πL). Let
K be as in the previous paragraph. If K is aﬃne then K ,M satisﬁes none of the conclusions of the
theorem, a contradiction. Thus K = NG(πK ) for some (k,n/k)-regular partition πK . One of M, K or
L, K does not satisfy conclusion (3) and therefore must satisfy conclusion (1). Say M, K satisﬁes (1)
so πK < πM in P . We cannot have πL < πK , since πL ≮ πM . Thus K , L does not satisfy conclusion (1).
On the other hand, we have k > 2, since πK < πM , and it follows that K , L does not satisfy conclusion
(3). Thus K , L satisﬁes none of the conclusions of Theorem 5.2, a contradiction. A similar argument
leads to a contradiction if L, K rather than M, K is assumed to satisfy (1).
We may assume now that all maximal subgroups in C other than NG(π) are aﬃne. Let K , L be
two such maximal subgroups. There exist regular subgroups V ,W ∼= Zd2 of G such that K = NG(V ) ∼=
AGL(V ) and L = NG(W ) ∼= AGL(W ). Let Y = K ∩ L  NG(π). Since the only imprimitive maximal ele-
ment of OG(H)′ is NG(π), we see that Y is primitive.
If d = dim(V ) > 3 then H1(GL(V ), V ) = 0, and if d = 3 then H1(GL(V ), V ) ∼= Z2 and a transitive
complement to V in AGL(V ) acts (primitively) as L2(7) does on 1-spaces from its natural 2-space
(see [JP]). Since Y is a primitive maximal subgroup of K , we see that either V  Y , in which case
F ∗(Y ) = V = F ∗(K ), or n = 8 and Y ∼= L2(7). In the ﬁrst case, we must also have F ∗(Y ) = W = F ∗(L)
(since Y  L2(7)), which gives the absurdity F ∗(Y )  G . Thus we may assume that Y ∼= L2(7) is a
primitive complement.
Now X = NG(π) ∩ Y is a transitive maximal subgroup of Y , from which it follows that X ∼= S4
acts on Ω as S4 acts on the cosets of a Sylow 3-subgroup. A Sylow 3-subgroup is contained in two
maximal subgroups of S4 (A4 and one S3). Therefore, X stabilizes exactly two nontrivial partitions.
Let ρ = π be stabilized by X . Note that ρ has four parts of size two and thus the stabilizer of ρ
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contradicting Lemma 6.2.
We see now that we are in the same situation we faced when we took G = S . The maximal
subgroups in C are M1, . . . ,Mm , where Mi = NG(πi) and the equipartition πi reﬁnes πi+1. If the
elements of π1 have size k > 2 then H contains a 3-cycle and no element of OG(H)′ is primitive. The
proof given for G = S is easily adjusted to apply here. Say the elements of π1 have size two. Then H
contains the product of two disjoint 2-cycles. It follows from 3.1(2) that if n > 8 then OG(H)′ contains
no primitive subgroup. Once again, we may adapt the proof for G = S to this situation. Finally, if n 8
then there do not exist proper nontrivial equipartitions π1,π2,π3 of [n] such that each πi reﬁnes the
next.
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